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Goal :
Study the screening e�ects
caused by the proximity
between a metallic quantum
wire and a STM tip.

Experimental setup :

Study the tunneling current ! access to the tunneling density
of states (TDOS) (Binnig et al., PRL(82)) ,

Move atoms or nanoscales objects,(Dujardin et al., PRL(98)) .



Goal :
Study the screening e�ects
caused by the proximity
between a metallic quantum
wire and a STM tip.

Theoretical treatment :

Ab-initio approaches ! di�culties to modelise Coulomb
interactions (Cho et al. PRL(93)) ,

Thomas-Fermi approximation ! restriction to non-interacting
gas,

Tip viewed as an impurity (backscattering processes) !
perturbative calculations (Egger et al. , PRL (96)) .



Goal :
Study the screening e�ects
caused by the proximity
between a metallic quantum
wire and a STM tip.

Our choice : Luttinger liquid theory
Allows to take into account

Coulomb interactions in the wire,

Screening e�ects caused by the STM tip.
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Fermi liquid theory : recall

Based on thequasiparticles pictures :

quasiparticles () elementary excitations evolving out of the
electrons (holes) of a Fermi gas upon adiabatically switching
interactions.

One-to-one correspondance with bare particles :

Same quantum number,

Fermi-Dirac statistics,

E�ective mass m?,

Finite life time � � (E � EF )� 2.
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Crash of the FL theory in 1D systems

In 1D systems, appearance of :

Peierls instability :

singular Peierls-type particle-hole 
uctuations

) Non-universal power law scaling of many properties.
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Crash of the FL theory in 1D systems

In 1D systems, appearance of :

Peierls instability :

singular Peierls-type particle-hole 
uctuations

) Non-universal power law scaling of many properties.

Charge-spin separation(Solyom (79)) , (Lee et al. PRL (04)) :

no quasiparticles in the vicinity of the Fermi surface,

Collective bosonic excitations involving charge and spin degrees
of freedom,

Holons and spinons propagate at di�erent velocities.
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Some examples

Distribution function n(k) and spectral function A(k; E ) in a Fermi
gas, a Fermi liquid and a Luttinger liquid ( kB T = 0) :
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Luttinger liquid theory

Linearization of the spectrum :

Properties at low temperatures and low energy are
determined by states in the vicinity of the Fermi
surface,

Exact linear dispersion : E r (k) = r ~vF (k � rk F ),

Introduction of two species of fermions where r = 1
() right going particles and r = � 1 () left
going particles.

Bosonization :

Mapping of fermionic operators and states in a bosonic repre sentation,

Fermionic �eld :  r� (x) = F r�p
2�a

eik F rx + i
p �

2
P

j h �j ( � j ( x )+ r� j ( x ) )
Haldane (81) .

Fr� is a Klein factor,

a is the cut-o� length,

� j and � j are the non chiral bosonic �elds,

j = c : charge sector,

j = s : spin sector,

h �c = 1 and h �s = � .
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Hamiltonians of the system

Total Hamiltonian :
HTOT = HW + HT + HSc.

HW =
X

j

Z + 1

�1
dx

vj (x)
2

h
K j (x)

�
@x � j (x)

� 2
+ K � 1

j (x)
�
@x � j (x)

� 2
i
;

Repulsive Coulomb interaction in the wire :

K c =
�

1 + 2U0
vF �

� � 1
2

< 1,

Spin-rotation invariance : K s = 1,

vj (x) = vF =K j (x) is the sector velocity.
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Hamiltonians of the system

Total Hamiltonian :
HTOT = HW + HT + HSc.

HT =
uF

4�

X

� 0

Z + 1

�1
dy

�
@y ' � 0(y)

� 2
;

� 0 : the spin of the STM tip,

' � 0 : chiral bosonic �eld,

uF : Fermi velocity in the tip.

Crepieux et al. PRB (03)
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Hamiltonians of the system

Total Hamiltonian :
HTOT = HW + HT + HSc.

HSc =
Z + 1

�1
dx

Z + 1

�1
dy � W (x)W (x; y)� T (y);

W : electrostatic potential coupling tip and wire,

� W (x) =
q

2
� @x � c(x) + � 2kF (x) : density operator of the wire,

� T (y) = 1
2�

P
� 0 @y ' � 0(y; t) : density operator of the tip.

) this Hamiltonian is quadratic in boson �elds when K c > 1=2.

Marine Guigou Seminar Grenoble



FL theory vs. LL theory Model Dyson equations Spectral properties Transport properties Conclusion

Dyson equations

Transport and spectral properties need correlation functions ;

Partition function in Matsubara formalism (Peskin et al. (95)) :

Z ['; �; � ] =
Z

D' " D' #D� cD� cD� sD� s exp
�

�
Z

d� (L � L aux )
�

where L = L W + L T + L Sc is the total Lagrangian and L aux contains
auxiliary �elds.

� � j , � � j and � ' j allow to extract bosonic Green functions :

G ��
j (x; � ; x0; � 0) = h T� (� j (x; � )� j (x0; � 0)) i

=
1
Z

@2Z
@�� j (x; � )@�� j (x0; � 0)

:
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Dyson equations for the quantum wire

After integration over the degrees of freedom of the tip :

~G ��
j = G��

j + G��
j G� 1

Sc GT;� 0G� 1
Sc

~G ��
j ;

~G ��
j = G��

j + G��
j G� 1

Sc GT;� 0G� 1
Sc

~G ��
j ;

~G ��
j = G��

j + G��
j G� 1

Sc GT;� 0G� 1
Sc

~G ��
j ;

~G ��
j = G��

j + G��
j G� 1

Sc GT;� 0G� 1
Sc

~G ��
j :

G� 1
Sc (x; y) = @x @y W (x; y)=(�

p
2� ).
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Dyson equations for the STM tip and screening part

After integration over the degrees of freedom of the wire :

~G T;� 0 = GT;� 0 + GT;� 0G� 1
Sc G��

j G� 1
Sc

~G T;� 0:

Mixed Green functions :

~G '�
j� 0 = � ~G T;� 0G� 1

Sc (x1; y1)G��
j :
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Local electrostatic potential

Depends on the geometry of the
system (Pan et al. APL (65) ) ;

Image charge method :

W (x; y ) =
1

p
x2 + ( y + d)2

�
1

p
x2 + ( y + d + D )2

where d the tip-wire distance and D the wire-gate distance.

@x @y W decreases very fast inx
(� x � 4) and in y (� y� 4),

main action of the potential in x = 0
and y = 0,

) @x @y W (x; y ) = W0 � (y)� (x).
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Spectral function

Spectral function :

A r� (k; 
) � �
1

�
Im [ GR

r� (k; 
)] :

WARNING : available for homogeneous system !

GR (x; t ; x0; t0) = � i �( t � t0)h[ r� (x; t );  y
r� (x0; t0)]+ i :

Temporal invariance :
) G R

r� (x; t ; x0; t0) = GR
r� (x; x 0; ~t(= t � t0)) ;

Change of variables ~x = x � x0 and ~X = x + x 0

2 :

GR
r� (x; x 0; ~t ) ) G R

r� (~x; ~X ; ~t )

Variation of GR
+ � (~x; ~X ; ~t ) :

In �rst approximation, we neglect the
dependance with ~X .

- 10 - 5 0 5 10
- 10

- 5

0

5

10

x
~
•a

X~
•a
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Spectral function

A r� (k; 
) =
1

2� 2a

Z + 1

�1
d~t

Z + 1

�1
d~x cos(
 ~t + ( rk F � k)~x)

� Re

"

e
~F r

0 (~x; ~t )+
P

r 0
( K c + rr 0sgn(~x )) 2

16 K c
( ~F r 0

Sc (~x; ~t ) � ~F r 0
Sc (~x; 0))

#

where the no screening term is

~F r
0 (~x; ~t ) = �

1

2

X

j

ln
�

1 + i! c ~t � irK j
~x

a

�
�

X

r 0;j


 j ln
�

1 + i! c ~t + ir 0K j
~x

a

�
;

and the screening term is

~F r 0

Sc (~x; ~t ) = 2 i� cosh( ! Sc ~� r 0) + 2 ln(~� r 0) � e! Sc ~� r 0 Ei( � ! Sc ~� r 0) � e� ! Sc ~� r 0 Ei( ! Sc ~� r 0) ;

with
~� r 0 = � r 0~t � K c j ~x j=vF + iar 0=vF ,


 j = ( K j + K � 1
j � 2)=8 the non universal parameter,

! Sc � (W 0 =� )
p

K c =2( �
q

K c
2

1
d ) the screening frequency,

In absence of screening, we �nd an analytic expression of the spectral function
(Meden et al. PRB (92), Voit PRB (93)) .
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Spectral function
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Left : Projection of the real part of GR
+ ;� for K c = 0 :2 and ! Sc =! c = 0 :005 ;

Right : Spectral function for K c = 0 :2, in absence of screening (solid line)
and in presence of weak screening (! Sc =! c = 0 :005) ;

Main contributions in ! c~t = ~x=a, ! c ~t = K c ~x=a, ! c ~t = � K c ~x=a ;

Charge-spin separation ;

Weak screening : SF unchanged at 
 > 0 ;

Positions of singularities unchanged ;

Power laws of charge and spin sectors depend on K c which represents the
sector a�ected by screening.
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Density of states

� r;� (x; 
) � �
1
�

Im [GR
r� (x; x; 
)] ;

=
1

� 2a

Z + 1

0
d~t cos(
 ~t)

� Re
h
e� � ln(1+ i! c ~t )+

K 2
c � sgn( x ) 2

16 K c

P
r 0[f r 0

Sc ( x; ~t ) � f r 0
Sc ( x; 0)]

i
;

where � = ( K c + K � 1
c + 2) =4 and

f r 0

Sc (x; ~t) = 2 i�r 0cosh (! Sc � r 0) + 2 ln ( � r 0)

� e! Sc � r 0 Ei ( � ! Sc � r 0) � e� ! Sc � r 0Ei ( ! Sc � r 0) ;

with � r 0 � � r 0~t � 2K c jx j=vF + iar 0=vF .

when K c = 1, screening e�ects are not visible for x 6= 0,
interactions spread screening.
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Tunneling density of states (x = 0)

Behaviour of the TDOS for di�erent value of the coupling of in teraction :
K c = 0 :2 (solid line), K c = 0 :3 (dotted line), K c = 0 :5 (dashed line), K c = 0 :75
(dot-dashed line)

TDOS when ! Sc =! c = 0 :

Behavior depends strongly on the interactions,

In absence of interaction, TDOS is a constant,

TDOS goes down to 0 at zero frequency
(typical of a LL with interactions).

0.00 0.02 0.04 0.06 0.08 0.10
0.0

0.2

0.4

0.6

0.8

1.0

W•wc

r r
,s

H0
,W

L

TDOS for strong screening ! Sc =! c = 0 :1

('
q

K c
2

a
d ) :

For strong interactions : enhancing of the
TDOS,

For weak interactions : reduction of the
TDOS, behaviour weakly dependant on K c ,

E�ect of Coulomb interaction are less visible
due to the e�ect of the screening by the tip.
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Local density of states (x 6= 0)

Behaviour of the normalised LDOS for K c = 0 :8 and for di�erent value of
the distance between the tip and the wire :
d=a = 30 (dotted line), d=a = 20 (dashed line) and d=a = 10 (dot-dashed line)
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r r

,s0
HW

L
Left : 
 =! c = 0 :01 and right : 
 =! c = 0 :05 ;

Deviation at small x=a and convergence far from the position of the tip ;

Increase of LDOS for small frequency ;

Decrease of LDOS for higher frequency ;

Spatial extension of the deviation related to K c , 
 and ! Sc (d/a).

Marine Guigou Seminar Grenoble



FL theory vs. LL theory Model Dyson equations Spectral properties Transport properties Conclusion

Local density of states (x 6= 0)

Normalised LDOS as a function of the distance d for K c = 0 :8 and for
di�erent value of position along the wire :
x=a = 30 (dotted line), x=a = 20 (dashed line) and x=a = 10 (dot-dashed line)
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Left : 
 =! c = 0 :01 and right : 
 =! c = 0 :05 ;

Deviation at small d=a and convergence the tip is far from the wire ;

Increase of LDOS for small frequency ;

Decrease of LDOS for higher frequency ;

Spatial extension of the deviation related to K c , 
 and x=a.
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Transport properties

Tunneling current :

hI T (t )i =
1

2

X

�

hTK
�

I T (t � )e� i
R

K dt 1 H T ( t 1 ) 	
i

Tunneling noise at zero frequency :

ST (t; t 0) =
1

2

X

�

hTK
�

I T (t � )I T (t0� � )e� i
R

K dt 1 H T ( t 1 ) 	
i :

where

� = � 1 indexes the branch on the Keldysh
contour,

H T ( t ) =
P

�;r;� �
( � )
r� ( t )

�
 y

r� (0 ; t ) C � ( t )
� ( � ) is the

tunneling Hamiltonian,

�( t ) = � eieV t is the transfert tunnel.
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Tunneling current and noise at zero frequency

hI T (t )i = �
2e� 2

(�a )2

Z + 1

0
d~t sin(eV ~t)Im

h
cosh

� p
�K c

4
sin

�
! Sc

! c
j1 + i! c ~t j

��

� e
� ( � +1) ln(1+ i! c ~t )+

�
K c

8 + 1
2

�
f Sc ( ~t )

i
;

ST (0) =
2e2 � 2

(�a )2

Z + 1

0
d~t cos(eV ~t)Re

h
cosh

� p
�K c

4
sin

�
! Sc

! c
j1 + i! c ~t j

��

� e
� ( � +1) ln(1+ i! c ~t )+

�
K c

8 + 1
2

�
f Sc ( ~t )

i
;

where � = ( K c + K � 1
c + 2) =4 and

f Sc (~t ) = � e
! Sc ~t � i

! Sc
! c Ei

�
� ! Sc ~t + i

! Sc

! c

�
� e

� ! Sc ~t + i
! Sc
! c Ei

�
! Sc ~t � i

! Sc

! c

�

+2 ln(1 + i! c ~t ) + e
� i

! Sc
! c Ei

�
i

! Sc

! c

�
+ e

i
! Sc
! c Ei

�
� i

! Sc

! c

�
:

cosh
� p

�K c
4 sin

�
! Sc
! c

j 1 + i! c ~t j
� �

comes from mixed Green functions,

In absence of screening, hI T ( t ) i / h  y
r�  r� ih C y

� C � i
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Behaviour of the tunneling current
For strong interactions ( K c = 0 :2) and
various screening : ! Sc =! c = 0 (solid
line), ! Sc =! c = 0 :001 (dotted line),
! Sc =! c = 0 :002 (dashed line).

- 0.01 0 0.01
- 0.0002

0

0.0002

eV•Ñwc

XI
T
\

For weak interactions ( K c = 0 :7) and
various screening : ! Sc =! c = 0 (solid
line), ! Sc =! c = 0 :001 (dotted line),
! Sc =! c = 0 :002 (dashed line).

- 0.01 0 0.01
- 0.01

0

0.01

eV•Ñwc

XI
T
\

Current obeys to a power law governed by the exposant � ,

Reduction of the current as the tip is close to the wire,

Reduction depends also on the Coulomb interaction parameter K c ,

Electrostatic interactions and Coulomb interactions play a similar role :
reduction and change the I-V curve from linear to power law be havior.
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Behaviour of the shot noise at zero frequency
For strong interactions ( K c = 0 :2) and
various screening : ! Sc =! c = 0 (solid
line), ! Sc =! c = 0 :001 (dotted line),
! Sc =! c = 0 :002 (dashed line).
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0.0002
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S T
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L

For weak interactions ( K c = 0 :7) and
various screening : ! Sc =! c = 0 (solid
line), ! Sc =! c = 0 :001 (dotted line),
! Sc =! c = 0 :002 (dashed line).
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0

0.005
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S T
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L

ST (
 = 0) obeys to a power law governed by the exposant � ,

Reduction of the noise as the tip is close to the wire,

Reduction depends also on the Coulomb interaction parameter
K c,

Schottky relation : ST (
 = 0) = ejhI T ij .
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Conclusion

Quadratic total Hamiltonian,

Exact Green function : Application to a local potential (DOS ,
spectral function, tunneling current and noise),

At low frequency, TDOS enhance for smallK c and reduce for
large K c,

When screening by the tip, LDOS depends strongly on the
position along the wire,

LDOS depends on the value ofK c (local electrostatic potential),

In absence of screening,hI T i and ST (
 = 0) obey to a power law,

When screening by the tip, reduction ofhI T i and ST (
 = 0),

Reduction depends onK c and ! Sc,

Schottky relation veri�ed.

(Guigou et al., arXiv : cond-mat/0904.4019)
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Outlook

Generalisation to 1D system with more degrees of freedom,

More realistic potential : W (x; y ) = 1p
x 2 +( y + d ) 2

� 1p
x 2 +( y + d + D ) 2

.

Interest of the current and the noise IN the quantum wire (inf ormation
on charge fractionalization)

Consider reservoirs at both extremities of the quantum wire :
re
ections at the contacts Safi et al. PRB (95), Maslov et al. PRB (95), Ponomarenko

PRB (95) ,
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